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Symmetry

Symmetry is relative to our knowledge and technical possibilities
to distinguish physical objects.

Let ”~” be an equivalence relation distinguishing physical
objects belonging to the set X, then the symmetry S of an

object O is the one-to-one transformation S : X — X:

SO~ O,

i.e. O is invariant in respect to the transformation S.
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32 point groups (without icosahedral group)
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Symmetry of a Hamiltonian H

Sym(H) = G:
Forallge G = gH§ '=H.

® [reducible representations: degeneracy of the energy
spectrum.

® Equivalent representations. Decomposition of the state space
into invariant subspaces (multiplicity quantum numbers).

® Selection rules.
® Wigner-Eckart theorem.
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Degeneracy of energy spectrum
Energy spectrum degeneracy of H with a symmetry G:
H|vTa) = E,r [vTa)
H j|vTa) = E,r §lvTa)
for all g € G, v =1,2,...,np (multiplicity), a = 1,2, ..., dim[[].

For fixed v and I' the subspace Lin{g|vl'a) : g € G} is an
invariant irreducible subspace K, r of I, i.e.,

o

Degeneracy sr (it means a = 1,2, ..., sr) of the energy spectrum
{E.r} is equal to the dimension of i.r. [I'], i.e., sp = dim(K,r).
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Structure ofzxny'}lanjﬂtonjan_fy

Spectral decomposition of a general H

H=7 Elp)pl

p represents a set of required quantum numbers.

3D Harmonic oscillator

H=>Y ho(N+ g) > INLM)(NLM|

L,M

Spectrum degeneracy: sy =(number of allowed pairs (L, M) for
fixed N),

In the chain SU(3) € SO(3) no multiplicity n; higher than 1,
L=NN-2, ...
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3D Harmonic oscillator — modified

3D Harmonic oscillator with rotational spectrum

H=Y> hWLL+1)) (Z |NLM)(NLM|)

N M

Spectrum degeneracy:
s, =(number of allowed pairs (N, M) for fixed L),
Multiplicity n;, = oo
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Bohr Hamiltonian H

Bohr Hamiltonian 5D Harmonic oscillator

H=> hu(N+ g) > INvonaLM)(NvnaLM]|
N

v,na,L,M

Bohr Hamiltonian: N, L-dependent spectrum

H=> En; ) (Z |anALM><anALM]>

V,NA M

Spectrum degeneracy:

s(v,z) =(number of allowed triplets (v,na, M) for fixed N, L).
Multiplicity:

np=(number of allowed pairs (v,na) for fixed N, L) — n, states
with the angular momentum L is observed.
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Degeneracy of the energy spectrum

Time reversal can change degeneracy

Rotations are not invariant with respect to the time reversal
operation = the points groups are affected by the time reversal.

Wigner: Three types of representations:
[ [I'] = [[™*] (real).
IT [I'] is complex and not equivalent to [[™].

III [I'] is complex and equivalent to [['*] but cannot be made
real.

For even-even nuclei there are only types I and II

I No additional degeneracy due to time reversal.
[T The degeneracy is doubled (Kramer’s theorem).
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Cy

40 Groups C, and 8,

(9) C,. This is a cyclic group consisting of the identity; a rotation through 90°,
C,; through —90°, C;'; and through 180°, C, all about a given axis (taken as z).

(10)S,. This is a cyclic group, isomorphic to C4, consisting of the identity; the ro-
tation reflection S,= ICy ! a twofold rotation, C,; and the operator S;‘ =1C,.

All rotations are taken about the z axis.

Table 25. Character Table and Basis Functions for the Groups C4 and S,

CG|E E C C C C ' G
— — Time Bases Bases
ss|E E '8 ¢ C s § | forC, for 8
n{tri1 1 1 1 1 1 1 a zors, 'S
r, 1 1 -1 -1 1 1 -1 -1 a Xy Z Or Xy
Ty 11 i i -1 -1 -1 -i b —i(x + iy) —(8, +i8,)
or or
—(8; +18) i(x - iy)
Ty 1 1 - - -1 -1 i i b i(x — iy) (8, — iSy)
or or
(8, ~ i8y) —i(x + iy)
Ll1-1 o - 1 -i - o b $(1/2,1/2)  $(1/2,1/2)
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Cy

~

.

Groups C, and S,

Table 29. Full Rotation Group Compatibility Table for the Group Cs

Do
D
D3
D}
D;
D;
D;

l—‘l
L
3T,
3r,
3r,

I
I+ 0+ 0y
+20,+ T+ Ty
+ 200, + 20 +200
+ 20, + 2T + 21
+ 2@, + 3Ty + 3T
+ 4T, + 315 + 3T

Di/z
D3z
D;/ 2
D32
D5
Di 1/2

Dis/2

l—‘5
Ts
2T
3Ty
3T
3T

Ts + T
+ Tg+ T+ Ty
+ T+ 2@, + 200
+ 2T + 20 + 20
+ 80 + 2Ty + 20
+ 30 + 30 + 3l's
+ 80 + 41 + 4T
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T, and O

Groups O and T,

Table 85. Full Rotation Group Compatibility Table
for the Group O

D; Ty
o r,

D, [y +T

D; T+ + Ty
D [y +Ty + T, + Ty
D; Ty +20 + T
D; Ty +T, + Ty + 0, + 20
Din Te

Din Ty

Din T+ T

D3 T+ Ty + Ty
Djj Ty + 2T
D Ty + Ty + 20
Diye Ty + 20 + 2T

Table 86. Full Rotation Group Compatibility Table
for the Group Ty

Ty
Iy Ty
I+ Ty 4T
Pyaly 4Ty Ty
Ty 420 + T
Dy 4Ty 4Ty + Ty 4 20

D, r,

D; Ty

D; Ty 4T,

D; S S

D; T +Ty 4Ty 4T
D5 Iy 4Ty + 205

D; Ty+T 4Ty 420 4T
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"Accidental” degeneracy of energy spectrum

Assume, the quantum numbers v can be split into two sets
v= "),
where v/ = (v1,10,...,vs) and V' = (Vgy1,Vsio, .o, Up)-

)

Energy spectrum degeneracy of H with a symmetry G:

H = ;ZEVHI Z (Z |V',V”,F,@><V’,V”,F,a|>

17 a

"Multiplicity” degeneracy

Observed accidental degeneracy of the energy level £,/ p
= number of elements v/ = (v, 1s, ..., v;) for fixed I' and

V' = (Vs-l—la Vs+2; -+ - V’r)-
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Partial Symmetries



Two symmetries in one body — partial
symmetries 1/2

Nuclear surface: asy = 10 — SO(2); ass = 0.5 — Cs

R({a};0,¢) = Ro(1 +
+agYao(0, 9) + a33Ys(0, ¢) + a3 35 5(0,¢))
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Partial -symmetries, non-orthogonal
decomposition 2/2

The schematic quadrupole+octupole model Hamiltonian:

~

H= ﬁvib + 7:[7"0t

?:lm'b = 7:lm'b;2(062) + ﬁmb;:&(&z)
Hrot — Hrot(Q)

If the Hamiltonian is related to the above nuclear shape:

Sym<7:[vib;3) = 63;7_)Z'b Sym(/]:[rot) = G7"015

~ —_—

Sym(Hmb;Q) = 80(2)

vib

Open problem: partial selection rules. ]
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Partial -symmetries, orthogonal decomposition

Spectral theorem

Assume the discrete spectrum of #, then:

I = ZEVPV

v

Notation:
A) The operator A has the symmetry G:

G = Sym(A)

B) Collection of the projectors P, having the same symmetry G:

Oc ={F, : Sym(P,) = G}
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Partial -symmetries, orthogonal decomposition

The partial Hamiltonians:

7%G == 2{: €Vfl.

P,e0¢g

H has the symmetry G.

Orthogonal decomposition of # into the partial Hamiltonians:

G#£G =
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Eigenproblem

To solve the eigenequation for H = oG He it is sufficient to
solve the eigenproblems for all partial Hamiltonians:

He|Gpla) = ESF\G; pla).
By definition, for G’ # G
He|G; pula) = 0.
Here: p labels the equivalent i.r. of the group G. We get

H|G; pla) = egp|G; pl'a).
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Example: The vibrator+rotor Hamiltonian

The Hamiltonian (all is in the intrinsic frame):

3
7:[ = 7:[m’b + Z A(ﬁl)lev

=1
Hyip = hw E ny,
]

where 7;,= number of phonon operators in [ = 1,2, 3 directions,

J; are angular momentum operators.
The vibrations and rotations are independent:

A

[y, J] =0, forall [ =1,2,3.
Definition of the logical function ¢:

1 if Q=True,
2Q) = {0 if )=False.
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Sub-Hamiltonians 1/2

The sub-Hamiltonians of H (laboratory symmetries omitted):
Fow) = 0(in = it = i) (Hb + A(ﬁg)j2>
Ho(), = 0(fu, = fu,)6(fu, # fuy) (7:lmb+
A, )2+ Alu,) (T2 + J2))

3
7:[D2h = 5(ﬁ1 7£ o 7é ﬁ?) 7A ﬁ1) (ﬂm‘b + Z A(ﬁﬂjﬁ)
=1

For ﬁo(g)ll, I # 1y # 13 # Iy, where I, 1o, I3 = 1,2, 3.
The symmetry of Hyip is fixed = SU(3).

3
H="Hop) + ZHo(z)l + Hp,,

=1 22 /27



Sub-Hamiltonians 2/2

® The eigenproblem of the sub-Hamiltonians:

He|[Glningns; JMp) = 8 [[G]ningns; JM ).

ninanz;Ju

The eigenvaules and eigenvectors solve the eigenproblem of
the full Hamiltonian H.

e The sub-Hamiltonians for the symmetries O(3) and O(2)
have analytical solutions:

gb,,(Oz, Q) = ¢N1N2n3;JMK(a7 Q) = (H?:lunz(al)) r}\]/lK(Q)7

where u, (b, @) are 1-D harmonic oscillator functions,

b= \/mw/h is the h.o. length, r{,(Q) are complex
conjugated and normalized Wigner functions for SO(3),
a = (o, a9, a3).
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EMG transitions

Clebsch-Gordan series and coeflicients (multiplicities):

Iy I r r
AT XCATE ~ ®nF1F2A

dim(T"1) dim(T'2)

\Ilg’a_ Z Z FlaF2b|FC Oé)qbrl
a=1

Irreducible tensor for a group G
dim(T")

ZA

Wigner-Eckart theorem:

r
Ty,

(Gh1QRE?) = ) (Talb|Tal; ) (@1 Q™ [1€7)a

«
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Experiment Argone 2009, spectrum %Dy
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Figure: Spectrum %Dy (Lee Riedinger)
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Pure octupole model — collective EA transitions

IF the Euler angles are chosen to fix octupoles in the principal
axes frame.

For pure octupole Ty collective model (a3, = 0 for u # £2) the
operators:

* QY =0, because of (3030/10) = 0.
* Q¥ =0, because of (323 — 2|20) = 0.
The only non-zero moment is the octupole one.
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Problems

777
7NNY
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